Abstract. Nathaniel Dean asks the following: Is it possible to find four nonconcyclic points on the parabola y = x 2 such that each of the six distances between pairs of points is rational? We demonstrate that there is a correspondence between all rational points satisfying this condition and orbits under a particular group action of rational points on a fiber product of (three copies of) an elliptic surface. In doing so, we provide a detailed description of the correspondence, the group action and the group structure of the elliptic curves making up the (good) fibers of the surface. We find for example that each elliptic curve must contain a point of order 4. The main result is that there are infinitely many rational distance sets of four nonconcyclic (rational) points on y = x 2 . We begin by giving a brief history of the problem and by placing the problem in the context of a more general, long-standing open problem. We conclude by giving several examples of solutions to the problem and by offering some suggestions for further work.
For a detailed summary of this problem, we encourage the reader to see [7] . The current state of Question 1.4 suggests that it might be quite difficult to produce even small sized rational distance sets on the parabola. With this in mind, we begin by proving Proposition 1.6. There are infinitely many rational distance sets of three points on the parabola y = x 2 .
Dean himself gives an excellent proof of this fact. We follow his idea below.
Proof. Let S be the set of points on the parabola y = x 2 and let d 1 and d 2 be two fixed rational values. For any point, P 0 (r) = (r, r 2 ) ∈ S, let C 1 (r) be the circle of radius d 1 centered at P 0 (r) and let C 2 (r) be the circle of radius d 2 centered at P 0 (r). Each of these circles must intersect S in at least one point. Let P 1 (r) be any point in C 1 (r) ∩ S and likewise, let P 2 (r) be any point in C 2 (r) ∩ S. Now let dist(r) equal the distance between P 1 (r) and P 2 (r). The function dist(r) is a continuous function of r and hence there are infinitely many values of r such that P 0 (r), P 1 (r) and P 2 (r) are at rational distance. Remark 1.7. Observe that Dean's proof actually shows that the collection of three tuples of points on y = x 2 at rational distance is dense in S. By this we mean that there is a rational distance set of three points on y = x 2 arbitrarily close to any three points on this parabola. Moreover, this argument can easily be generalized to any conic.
The main goal of this paper is to extend Dean's result by proving In earlier work, we recognized that points on an elliptic curve give rise to four rational points with all but one of the distances rational. Allan MacLeod [9] improved on this by considering a different elliptic curve. He too found four rational points with all but one of the distances rational and then did a search to find which of these sets had all points at rational distance. To our knowledge he was among the first to produce numerical examples of such 4-tuples. The elliptic curve considered by MacLeod is at the core of the work presented here.
We also hope to convince the reader that even if we remove the nonconcyclic condition from Question 1.3, it remains an interesting (and nontrivial) question.
General setup
If we let P i denote the point on the parabola y = x 2 with x-coordinate x i and let d ij denote the distance between P i and P j , then we have
If we assume that each P i is a rational point, then the d ij are rational precisely when there are rational solutions to
Now, consider the following lemma, which follows immediately from the standard parameterization of rational points on the unit circle: Lemma 2.1. The (affine) rational solutions to
Proof. Rational points on (α ) 2 + (β ) 2 = 1 are parameterized by lines of rational slope, m, through the point and (0, 1). Taking α = 1/α and β = β /α , we get the parameterization of the proposition. 
In subsequent sections, it will be convenient to speak of m ij even when i > j. Therefore, we set m ij equal to m ji whenever i > j.
We point out that g(m) has the following properties:
These properties will prove to be relevant later in the discussion.
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A reduced echelon form of a matrix representing the system (2.4) is We are now ready to divide the problem into two cases. First, we consider the case in which the four points are concyclic.
Now we have
m ij , 1 ≤ i < j ≤ 4, such that x 1 = g(m 12 ) + g(m 13 ) − g(m 23 ) 2 , x 2 = g(m 12 ) − g(m 13 ) + g(m 23 ) 2 , (2.5) x 3 = −g(m 12 ) + g(m 13 ) + g(m 23 ) 2 , x 4 = −g(m 12 ) − g(m 13 ) + g(m 23 ) + 2g(m 14 ) 2 ,
Concyclic subsets of four points
The proposition below describes precisely when four points on the parabola are concyclic:
This circle intersects y = x 2 at the points whose x-coordinates are the roots of (
Since the coefficient of x 3 in this polynomial is 0, the roots must sum to 0. Conversely, given four values, x i , i = 1, 2, 3, 4, such that x 1 + x 2 + x 3 + x 4 = 0, one can solve
for α, β, and ρ. In this case, we need not assume the points are rational. It is easy to show that when the points are symmetric about the y-axis, four points on y = x 2 at rational distance must be rational points.
Remark 3.4. We also point out that Theorem 3.2 implies that given any three rational points on the parabola y = x 2 at rational distance, the point whose xcoordinate is the negative of the sum of the x-coordinates of the other three points is necessarily at rational distance to those three. This implies that one strategy for attempting to get five points at rational distance is to first find four nonconcyclic points at rational distance and take the fifth point to be concyclic with some three of them. This would immediately give five points with all but one of the ten distances rational.
One example of five points on y = x 2 at rational distance was found while producing nonconcyclic sets of four points-the set of points with x-coordinates {0, ±91/60, ±209/120}. It may be possible to extend this to an infinite family of examples, but we have not yet been able to do so.
Our inability to completely describe the situation for five points (even if we allow some four of them to be concyclic) suggests that removing the concyclic condition from Question 1.3 does not render it trivial.
We now turn our attention to finding four nonconcyclic points on y = x 2 at rational distance.
Nonconcyclic subsets of four points
Recall that Theorem 2.3 and equations (2.6) in particular describe a necessary and sufficient condition for points to be at rational distance. The equations (2.6) determine a variety. In order to better understand this condition, we "projectivize" the variety and characterize the set of points in the projective variety that correspond to points at rational distance.
We begin by letting E be the subvariety of P 2 × P 1 defined by
Observe that E is simply the "projective version" of g(x) + g(y) = t. Let π be the projection map
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This projection is a morphism of varieties such that π −1 (T ) is a curve. If π −1 (T ) is a nonsingular, smooth curve of genus 1, then we call the curve a good fiber. Otherwise, we call the curve a bad fiber. With these definitions, we have Proof. We define E to be the variety
If we similarly define π : E −→ P 1 to be the projection onto its second factor, then the fibers (π ) 
Given the remark above, we take O = [1, −1, 0] to be the identity of the group of (rational) points on E t . We note that the statements in the remark can be summarized by saying that E, together with π and the zero section σ 0 : [12] for precise definitions.) Now, we define H to be
(We say that H is a fiber product over P 1 . We again refer the reader to [12] for precise definitions.) Just as we can think of E as the projective version of g(x) + g(y) = t, H is the "projective version" of (2.6).
We let H(Q) be the set of rational points in H and we let R be the set of 4-tuples of rational points on y = x 2 at rational distance. Theorem 2.3 then gives a correspondence between elements of R and sets of points in H(Q). The correspondence A ∈ H 0 , where t = g(m 13 ) + g(m 24 ) and m ij = 0. We define the map ψ by taking {P 1 , P 2 , P 3 , P 4 } to the equivalence class of the point A. ψ is clearly well-defined and one-to-one. This theorem says that if we can describe the elements of H 0 / ∼ (and in particular those equivalence classes coming from distinct, nonconcyclic points on y = x 2 ), then we can characterize all four tuples of rational points on y = x 2 at rational distance. The remainder of this section is dedicated to laying out this description. We begin by recharacterizing the equivalence relation ∼ as the equivalence relation induced by a particular group action.
Let S n denote the group of permutations on n letters. 
We now have Furthermore, suppose we let n = (n 13 , n 24 , n 23 , n 14 , n 12 , n 34 ) ∈ (Z/2Z) 6 Let A n be A with m ij replaced by −1/m ij whenever n ij = 1 (and m ij unchanged otherwise). Then since g(m) = g(−1/m), (Z/2Z) 6 acts on H 0 by n · A = A n . To be concise, below we use (n ij ) to denote n.
We now combine the two individual group actions of S 4 and (Z/2Z) 6 together into one action. In the theorem below, let θ be the homomorphism θ :
) and let Γ = (Z/2Z) 6 > S 4 , the semidirect product relative to θ.
(As in the case of m ij , we set n ij to n ji whenever i > j.) 
Proposition 4.8. Let
A = ((u 1 , u 2 ), (u 3 , u 4 ), (u 5 , u 6 )) ∈ H 0 . [A
] is a free orbit if and only if
Proof. Let U i = (u 2i−1 , u 2i ) so that we may write A = (U 1 , U 2 , U 3 ). The points in the orbit of A resulting from the action of S 4 ⊂ Γ consists of all points in H 0 of the form
No two of these are equal if and only if u i = u j for all i = j or U i is of the form (m, m) for precisely one i. Since −1/x = x for any rational value x, when we consider the action of the entire group Γ, we get the conditions of the theorem. We will for the most part ignore this action since it is present in both R and H 0 .
More interesting is the action of Z/2Z on H 0 defined by
The existence of this last action means that one element of H 0 may correspond to two distinct elements of R. Before we can be more precise, we first observe that Proposition 4.8 (and the description (4.3) in particular) implies the following propositions. The former of the propositions above justifies defining a free orbit [A] to be doubly free if A is of the first form in Proposition 4.8 and to be singularly free if A is of the second form in the proposition. We are now ready to prove
Proof. ψ is one-to-one and so The propositions and theorems below give the necessary and sufficient conditions for an element of H Γ to correspond to a distinct and nonconcyclic set of points at rational distance. We may now turn our attention to the last piece of the puzzle of understanding the set H Γ -namely, that of describing all the points of H(Q) as completely as possible. Since H is the fiber product of three copies of E, this problem is equivalent to describing the rational points of the elliptic surface E. The following theorems
outline the most general facts about E. Recall that one way to characterize the group law of an elliptic curve is to say Theorem 4.16. For all t ∈ Q * , if P = (x, y) ∈ E t (Q) with xy = 0, then we have the following group law formulas:
Proof. The points P, O and (y, x) are collinear and likewise for the points P, Q and (−1/x, y). The final formula is attained by calculating the third point of intersection of the tangent line at P . Proof. If P is a point of order 2, then P = −P . By formula (4.6), this means that (x, y) = (y, x).
If P is a point of order 4, then 2P = (x , y ) is a point of order 2. Therefore, x = y and so by formulas (4.8) and (4.6), xy + 1 = 0.
If P is a point of order 8, then 2P = [x , y , z ] is a point of order 4. Therefore, either x = z = 0, y = z = 0 or z = 1 and x = −1/y . By formula (4.8), the first two cases cannot occur. This rules out the possibility that the torsion subgroup is equal to Z/8Z. The last case occurs when (x + Since E t (Q) must contain a subgroup of order 4, Mazur's theorem tells us that the only other torsion subgroup possible is Z/12Z. This subgroup contains a point of order 3 and so we need only check the condition that 2P = −P . By formulas (4.6) and (4.8), we see that this cannot occur.
Using the formulas for the group law, we then have 
Examples
Let R 0 be the subset of R consisting of 4-tuples of distinct, nonconcyclic points. The points in R 0 in Table 2 were found by choosing a pair of positive rational values
